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Abstract 
A new model is presented to describe the flow stress up to the peak of the stress-strain curves firstly. And then utilizing the 
second derivative of work hardening rate with respect to stress, an equation is derived to calculate the critical strain for the 
onset of dynamic recrystallization. Finally, the developed model is used to predict the stress-strain curves of X12 ultra-super-
critical rotor steel and determine the critical strain for the onset of dynamic recrystallization under different hot deformation 
conditions. Results show a good agreement between the predicted and the experimental results with a high level of accuracy. 
 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of Nagoya University and Toyohashi University of Technology. 
Keywords: Dynamic recrystallization; Critical strain; Modeling 
1. Introduction 
Dynamic Recrystallization is the most important restoration mechanism during hot deformation of austenite, 
affecting the final microstructure, and therefore dynamic recrystallization has being increasingly used to control the 
microstructure evolution and obtain the finer grains in the austenite. Due to the growing importance of hot 
deformation in metal forming there is an increasing interest in understanding of the critical conditions in which 
dynamic recrystallization is initiated during hot deformation, such as multi-pass hot rolling and stretching 
processes, as it determines if metadynamic recrystallization occurs during inter-pass time [1,2]. Typically, dynamic 
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recrystallization takes place by the appearance of a peak in the stress-strain curves under the condition of a constant 
strain rate. However, dynamic recrystallization actually occurs before the strain peak corresponding to the stress 
peak. This threshold strain is known as the critical strain for initiation of dynamic recrystallization. The critical 
strain for dynamic recrystallization mainly depends on the chemical composition of the material under 
consideration, the grain size prior to deformation, and the deformation schedule [3, 4]. Generally speaking, there 
are mainly two methods to determine the critical strain: (1) Mathematical analysis for the work hardening 
( d dT V H ) curves [2, 3, 5-10]; (2) Metallography investigation [1, 11]. Besides all of these, there are also some 
other attempts to predict the initiation of dynamic recrystallization. For example, Barnett et al. have developed an 
equation for the critical strain for onset of dynamic recrystallization by recasting an empirical kinetics equation of 
static recrystallization [12]. On the basis of a dislocation density work hardening model, Gottstein et al. have 
investigated the critical strain for initiation of dynamic recrystallization [13].  
This paper presents a model to describe the flow stress up the peak firstly. And then utilizing the second 
derivative of work hardening rate with respect to stress, an equation is derived to calculate the critical strain for the 
onset of dynamic recrystallization. Finally, the developed model is used to predict the stress-strain curves of X12 
ultra-super-critical ultra-super-critical rotor steel and determine the critical strain for the onset of dynamic 
recrystallization under different hot deformation conditions. Results show a good agreement between the predicted 
and the experimental results with a high level of accuracy. 
2. Mathematical modeling 
The effect of temperature and strain rate on the flow curves of X12 ultra-super-critical steel is illustrated in Fig. 
1(a). As can be seen for the figure, the flow curves evidently exhibit stress peak at the temperatures and strain rates 
investigated. It suggests that dynamic recrystallization has been initiated. The curves u ( pu V V  )-v ( pv H H ) 
from the present flow curves are displayed in Fig. 1(b). It can be found that the u-v plots for different Z values 
practically fall on a single curve. In other words, the evolution function f(v) within the specified Z range can be 
recognized to be Z value independent for X12 steel, the characteristic of which is very similar with the 
characteristic of the plain low carbon aluminum killed steel investigated in Ref. [2]. Therefore, once the evolution 
function f(v) has been established, the flow stress up to the peak at any strain, strain rate and temperature can be 
calculated by using the developed function. In the present case, the flow curve up to the peak stress was modeled 
using the newly developed equation as shown below: 
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where V is stress, pV is peak stress, H is strain, pH is peak strain. \  and ]  are two material constants. These 
variables are interdependent, which can be obtained by the method of least squares. The strain hardening rate T   
can be obtained as the derivative of Eq. (1): 
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,       (2) 
Recently, Ryan and McQueen [14], Policak and Jonas [2], Najafizadeh and Jonas [6] pointed that the initiation 
of dynamic recrystallization is associated with the inflection point in the curves of the strain hardening rate T  vs. 
flow stress V . Mathematically, a minimum point of d dT V V  is equivalent to a null value of the second 
derivative of T  with respect to V  and indicates the inflection of  T V  curve [2, 10]. 
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Therefore, construct the second differential of workhardening rate and let the second differential be zero, the 
turning point of Eq. (2) will be obtained. 
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The solution of Eq. (4) is as following˖ 
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Fig. 1. (a) Typical stress-strain curves and (b) Relationship between pV V and pH H under different deformation condition for X12 steel. 
3. Discussion 
The experimental results of hot compression of X12 ultra-super-critical rotor steel are used for the mathematical 
analysis in the present investigation. The material constants values of the steel are used for further calculations 
which are determined to be -3.6304 and 0.3815 for \  and ] , respectively. Utilizing Eq. (1), flow stress is 
calculated for all different hot deformation conditions and compared with experimental results. This comparison is 
illustrated in Fig. 2(a), which demonstrates that the calculated values basically are in accordance with the 
experimental flow curves by the presented model. Fig. 2(b) shows the plot of T V  for different deformation 
conditions. Fig. 3 shows the plot of  T H  for different deformation conditions. In these figures, Eq. (2) is plotted 
for a comparison with experimental data. The results show a good agreement between the predicted and the 
experimental results.  
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Fig. 2. (a) Comparison of predicted value by model with experimental data. (b) Comparison of predicted work hardening rate by model with 
experimental data. 
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Fig. 3. Comparison of predicted work hardening rate by model with experimental data. (a) Temperature: 950oC and (b) Strain rate: 0.1s-1. 
Najafizadeh and Jonas suggested that the T V  curve can be represented by a third order equation up to the 
peak stress [6]. By this method, the critical stress for the onset of dynamic recrystallization is presented by the 
relationship 2 13c B BV   , where B1 and B2 are two of the four coefficients of the third order equation. At the 
same time, the value of critical strain for initiation of dynamic recrystallization is determined by using the flow 
curve. Therefore, for each deformation condition, the strain hardening is plotted against flow stress and the third 
order equation that best fit the experimental T V  data from zero to the peak stress is obtained. As an example of 
experimental T V  curve and its corresponding third order polynomial are shown in Fig. 4. Utilizing the method, 
the results are shown in Fig. 5 (Red points). The strain ratio c pH H  is determined in the range of 0.35-0.48 by 
Najafizadeh and Jonas’ method.  Using Eq. (5) the value of  c pH H  is determined to be 0.43 which is basically 
close to the experimental value. 
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4. Conclusion 
An equation for the critical strain for dynamic recrystallization was derived by differentiating the newly 
developed constitutive equation which can be used to predict the flow stress up to the peak of stress-strain curve. 
The expression shows a good agreement with the critical strains for dynamic recrystallization obtained by fitting a 
third order polynomial to the T V  curve up to the peak point. The success of the present approach in predicting 
the critical strain for dynamic recrystallization in X12 steel suggests that, this mathematical modeling method 
provides a new way for obtaining the critical strain for onset of dynamic recrystallization during plastic 
deformation. 
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Fig. 4. T V curve and corresponding third order polynomial.     Fig. 5. Relation between critical and peak strains for X12 steel. 
Acknowledgements 
The authors gratefully acknowledge the financial support from the National Science and Technology Major 
Project of China (Grant No. 2012ZX04012011), National Basic Research Program of China (Gran No. 
2011CB012903), China Postdoctoral Science Foundation (Grant No. 2013M531171) and Shanghai Jiaotong 
University Postdoctoral Science Foundation. 
References 
[1] Brünger E., Wang X., Gottstein G., 1998. Nucleation Mechanisms of Dynamic Recrystallization in Austenitic Steel Alloy 800H. Scripta 
Materialia 38, 1843-1849. 
[2] Poliak E.I., Jonas J.J., 2003. Critical Strain for Dynamic Recrystallization in Variable Strain Rate Hot Deformation. ISIJ International 43, 
692-700. 
[3] Poliak E.I., Jonas J.J., 1996. A One-parameter Approach to Determining the Critical Conditions for the Initiation of Dynamic 
Recrystallization. Acta Materialia 44, 127-136. 
[4] Sakai T., Jonas J.J., 1984. Overview No. 35 Dynamic recrystallization: Mechanical and microstructural considerations. Acta Metallurgica 
32, 189-209. 
[5] Cingara A., McQueen H.J., 1992. New formula for Calculating Flow Curves from High Temperature Constitutive Data for 300 Austenitic 
Steels. Journal of Materials Processing Technology 36, 31-42. 
[6] Najafizadeh A., Jonas J.J., 2006. Predicting the Critical Stress for Initiation of Dynamic Recrystallization. ISIJ International 46, 1679-1684. 
[7] Mirzadeh H., Najafizadeh A., 2010. Prediction of the Critical Conditions for Initiation of Dynamic Recrystallization. Materials and Design 
31, 1174-1179. 
[8] Mirzadeh H., Cabrera J.M., Najafizadeh A., 2012. Modeling and Prediction of Hot Deformation Flow Curves. Metallugical and Materials 
Transactions A 43, 108-123. 
491 Fei Chen et al. /  Procedia Engineering  81 ( 2014 )  486 – 491 
[9] Jonas J.J., Ghosh C., Quelennec X., Basabe V.V., 2013. The Critical Strain for Dynamic Transformation in Hot Deformed Austenite. ISIJ 
International 53, 145-151. 
[10] Solhjoo S., 2014. Determination of Flow Stress and the Critical Strain for the Onset of Dynamic Recrystallization using a Hyperbolic 
Tangent Function. Materials and Design 54, 390-393. 
[11] Mirzadeh H., Cabrera J.M., Najafizadeh A., Calvillo P.R., 2012. EBSD Study of a Hot Deformed Austenitic Stainless Steel. Materials 
Science and Engineering A 538, 236-245. 
[12] Barnett M.R., Kelly G.L., Hodgson P.D., 2000. Predicting the Critical Strain for Dynamic Recrystallization using the Kinetics of Static 
Recrystallization. Scripta Materialia 43, 365-369. 
[13] Gottstein G., Frommert M., Goerdeeler M., Schafer N., 2004. Prediction of the Critical Conditions for Dynamic Recrystallization in the 
Austenitic Steel 800H. Materials Science and Engineering A 387-389, 604-608. 
[14] Ryan N.D., McQueen H. J., 1990. Dynamic Softening Mechanisms in 304 Austenitic Stainless Steel. Canadian Metallurgical Quarterly 29, 
147-162. 
